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Abstract. More then forty years ago J. H. Samson has defined the Laplacian Δ sym acting on the space of symmet-
ric covariant p-tensors on an n-dimensional Riemannian manifold (M, g). This operator is an analogue 
of the well known Hodge-de Rham Laplacian Δ  which acts on the space of exterior differential p-forms 
(1 ≤ p ≤ n) on (M, g). In the present paper we will prove that for n > p = 1 the operator Δ sym is the Yano 
rough Laplacian and show its spectrum properties on a compact Riemannian manifold. 
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1. Definitions and notations 
 Let (M, g) be a compact oriented C∞-Riemannian manifold of a dimension n ≥ 2 with the Levi-Civita 
connection ∇ and let be a symmetric tensor product of order p ≥ 1 of a cotangent bundle MS p MT ∗ of 
M. On the tensor space on M we have the canonical scalar product g( ⋅ , ⋅ ) and on its CMS p ∞-sections 
the global scalar product ( ) dv,g
M
!р∫ ′=′ ϕϕϕϕ 1,  where dv is the volume element of (M, g).  
The covariant derivative ( )MSMTCMSC pp ⊗→∇ ∗∞∞:  has the formal adjoint operator 
( ) MSCMSMTC pp ∞∗∞∗ →⊗∇= :δ  which is uniquely defined by the formula ⋅∇⋅=⋅⋅∇ ∗,,  (see 
[1, p. 460]). Furthermore we can define (see also [1, p. 514]) the operator  
which is the adjoint operator of  with respect to the global product 
MSCMSC pp 1: +∞∞∗ →δ
MSCMSC: pp ∞+∞ →1δ ⋅⋅ , .  
More then forty years ago J. H. Samson has defined (see [2]) the Laplacian operator  = 
. This operator is an analogue of the well known Hodge-de Rham 
Laplacian which acts on C
symΔ
MSСMSС pp ∞∞ →− ∗∗ :δδδδ
МСМС рр Λ→ΛΔ ∞∞: ∞-sections of the bundle MpΛ of covariant skew-
symmetric tensors of degree p (1 ≤ p ≤ n) on M and is defined by dd δδ +=Δ  for the exterior differen-
tial (see [1, p. 34]).  MM:d pp 1+Λ→Λ
The operator  is studied in the following papers [2]; [3]; [4]; [5] and [6].   symΔ
This paper is organized as follows. The next section summarizes the basic properties of : 
 for the case p = 1. Section with the number three expresses our results on infini-
tesimal conformal and projective transformations. The fourth section of the present paper shows spec-
trum properties of  on an n-dimensional compact Riemannian manifold for the case n > p = 1. And 
in the last section we prove a theorem about eigenvalues of the Hodge-de Rham Laplacian 
symΔ
MSСMSС pp ∞∞ →
symΔ
Δ  which acts 
on closed 1-forms. 
2. The Yano rough Laplacian 
We proved in [6] that for p = 1 the Weitzenböck decomposition formula for  =  has the 
form  = 
symΔ δδδδ ∗∗ −
symΔ Ric−∇δ  where Ric is the Ricci tensor of (M, g) and ∇δ  the Bochner rough Laplacian 
which is also denoted by  (see [1, p. 54]). Next, thanks to the well-known Weitzenböck decomposi-
tion formula 
∇∇∗
Ric+∇=Δ δ  for the Hodge-de Rham Laplacian Δ:  we concluded that 
. After that, using the equation 
МТСМТС ∗∞∗∞ →
symΔ Ric2−Δ= symΔ Ric2−Δ=  we can define the differential operator 
□:  such that □  for the linear symmetric operator RicТМСТМС ∞∞ → ∗−Δ= Ric2 * which is associ-
ated with the Ricci tensor Ric and defined by the identity ( ) ( )Y,XRicgY,XRic ∗=  for 
any (see also [8, p. 40]). In turn, we recall that more then forty years ago the operator □ was 
used by K. Yano (see [8]) for the investigation of local isometric, conformal, affine and projective trans-
formations of compact Riemannian manifolds. Based on the above, we will call  the Yano rough 
Laplacian when p = 1. Hence, the following proposition is true. 
ТМСY,X ∞∈
symΔ
Lemma. Let (M, g) be an n-dimensional ( )2≥п Riemannian manifold. For p = 1 the Samson Laplacian 
:  is the Yano rough Laplacian.  symΔ MSСMSС pp ∞∞ →
We recall here that the vector field ξ on (M, g) is called an infinitesimal harmonic transformation 
if the one-parameter group of infinitesimal point transformations of (M, g) generated by ξ consists of 
harmonic diffeomorphisms (see [6]). In turn, we have proved in [6] that the vector field ξ  is an infini-
tesimal harmonic transformation on (M, g) if and only if ω = 0 for the 1-form ω dual to the vector 
field 
symΔ
ξ  with respect to the metric g, i.e. ( ) ( )X,gХ ξω =  for an arbitrary vector field . In this 
case, we adopt the following notation ξ := ω
TMCX ∞∈
#. 
In particular, holomorphic vector fields on nearly Kählerian manifolds (see [9]) and vector fields 
that transform a Riemannian metrics into Ricci soliton metrics (see [9]) are examples of infinitesimal 
harmonic transformations. Therefore, all forms which are dual to these vector fields belong to Ker . symΔ
On the other hand, a vector field ξ is called a Killing vector field or, in other words an infinitesimal iso-
metric transformation if the one-parameter group of infinitesimal transformations of (M, g) generated by 
ξ consists of isometric diffeomorphisms. An arbitrary Killing vector field ξ satisfies the condition 
 where ξ := ω0=∗ωδ #. On the other hand, according to the Yano’s theorem (see [8, p. 44]; [10]) a vec-
tor field ξ  on a compact Riemannian manifold (M, g) is a Killing vector field if and only if  ω = 0 
and 
symΔ
0=ωδ . The vector space of 1-forms dual to globally defined Killing vector fields has the finite di-
mension k1(M) ≤ ½ n (n + 1). The dimension k1(M) has been named the first Killing number.  Moreover, 
we have proved in [7] that the number k1(M) is a scalar projective invariant of (M, g). 
3. Conformal Killing and projective Killing 1-forms  
A real numberλ , for which there is a form  (not identically zero) such that , is 
called an eigenvalue of  and the corresponding  is called an eigenform of  corre-
sponding to 
МТС ∗∞∈ω symΔ ωλω =
symΔ МТС ∗∞∈ω symΔ
λ . Next, we consider two examples of eigenforms of . symΔ
Conformal Killing vector fields can be considered as a natural generalization of Killing vector fields. 
They are also called infinitesimal conformal transformations because any conformal Killing vector ξ 
generates a local one-parameter group of conformal diffeomorphisms of (M, g).  
Consider an n-dimensional compact orientable Riemannian manifold (M, g). Lichnerowicz has shown 
(see [8, p. 47]) that a necessary and sufficient condition for ξ  to be a conformal Killing vector field on 
(M, g) is  
symΔ ω  + ( ) ωδδ ∗− п21  = 0                                                      (3.1) 
for the 1-form ω dual to the vector field ξ  with respect to the metric g. This 1-form is called conformal 
Killing form (see, for example, [7]). Let the eigenform ω of be a conformal Killing form on an n-
dimensional (n > 2) compact and oriented Riemannian manifold (M, g) then 
symΔ
( ) ( ) .,,, nnnn ωδωδωδδωωωλ 22 11 −− −∗− −=−=  
From these equations, we deduce the following inequality  
( ) 01 2 ≤−−= ωω
ωδωδλ
,
,
n . 
For the second example we consider a projective Killing vector field or, in other words an infinitesimal 
projective transformation (see [8, p. 45]) which satisfies the equation ω  =  for the 
form ω  dual to 
symΔ ( ) ωδδ ∗−+ 112 n
ξ . This 1-form will be called projective Killing form. Let the eigenform ω of be a 
projective Killing form on a compact and oriented Riemannian manifold (M, g). In this case, we have 
symΔ
( ) ( ) ωδωδωδδωωωλ ,,, nn 11 11 22 −∗− ++ ==  
and consequently the following inequality holds 
( ) 012 1 ≥+= − ωω
ωδωδλ
,
,
п . 
 
4. Spectral properties of the Yano rough Laplacian 
We recall that all nonzero eigenforms corresponding to a fixed eigenvalue λ  form a vector subspace of 
 denoted by МТС ∗∞ ( )MVλ  and called the eigenspace corresponding to the eigenvalue λ .  
The following theorem about eigenvalues of  and their corresponding forms is valid. symΔ
Theorem 2. Let (M, g) be an n-dimensional ( )2≥п  compact and oriented Riemannian manifold and 
:  be the Yano rough Laplacian.  symΔ МТСМТС ∗∞∗∞ →
1) Suppose the Ricci tensor is negative then an arbitrary eigenvalue  of  is positive. λ symΔ
2) The eigenspaces of  are finite dimensional. symΔ
3) The eigenforms corresponding to distinct eigenvalues are orthogonal.  
Proof.  1) Let ( )MVλϕ ∈  be a non-zero eigentensor corresponding to the eigenvalue λ , that is  
 then  we can rewrite the formula  = symΔ ωλω = symΔ Ric−∇δ  in the form   
ωωλ ,  =  – ( )∫М dv,Ric ξξ  + ωω ∇∇ , .                                               (4.1) 
where ξ  is the vector field dual to the 1-form ω. If we suppose that the Ricci tensor is negative and we 
denote by – r the largest (negative) eigenvalue of matrix Ric  on (M, g) then ( ) ( )ξξξξ ,gr,Ric −≤ . In 
this case from the inequality (4.1), we conclude   
ωωλ ,  0>∇∇+≥ ωωωω ,,r . 
2) The eigenspaces of  are finite dimensional because  is an elliptic operator. symΔ symΔ
3) Let  and 21 λλ ≠ 21 ωω ,  be the corresponding eigenforms. Then 〈  symΔ 21 ωω ,  =  211 ωωλ ,  and 
〈 symΔ 21 ωω ,  = .,, 212221 ωωλωλω =  Therefore ( ) 21210 ωωλλ ,−=  and since  it follows 
that 
21 λλ ≠
021 =ωω , , that is, 1ω  and 2ω  are orthogonal.  
In particular, for the case n = 2 we have the following theorem. 
Theorem 3. Let (M, g) be a 2-dimensional compact and oriented Riemannian manifold. Then the first 
eigenvalue  of the Yano rough Laplacian :  is a non-negative number. 1λ symΔ МТСМТС ∗∞∗∞ →
Proof. We compute that ( ) ( )214 ωδωδωδ −∗∗ ≥ n,g  for any ω ∈ . This elementary algebraic fact 
can be rewritten as 
МТС ∗∞
( ) ( ) ( ) ( )2121 22 ωδωδωδωδ −−≥− −∗∗− nn,g . Integration by parts yields the follow-
ing integral inequality 〈 symΔ ωω ,  ( ) ( )∫−−≥ − М dvnn 21 2 ωδ  where the operator  satisfies the iden-
tity 〈
symΔ
symΔ ωδωδωδωδωω ,,, −= ∗∗ , which follows immediately from its definition. The inequal-
ity proves our theorem. 
We consider now the n-dimensional (n ≥ 2) Einstein manifold (M, g) where g
n
sRic =  and s is a 
constant (see [1, p. 44]). In this case we can rewrite the formula  = symΔ Ric2−Δ  in the form  
symΔ  = gn
s2−Δ .                                                                         (4.2) 
From (4.2) we conclude that the following theorem is true. 
Theorem 4. Let (M, g) be an n-dimensional (n ≥ 2) compact and oriented Einstein manifold (M, g) then  
1) if s > 0 then any 1-form which is dual to an infinitesimal harmonic transformation is an eigenform of 
 corresponding to the eigenvalue Δ
n
s2 and the converse is also true; 
2) if s < 0 then any harmonic 1-form is an eigenform of  corresponding to the eigenvalue symΔ n
s2−  and 
the converse is also true. 
 
Using the general theory of elliptic operators on a compact (M, g) it can be proved that  has a 
discrete spectrum, denoted by Spec
symΔ
 
symΔ , consisting of real eigenvalues of finite multiplicity which ac-
cumulate only at infinity. In symbols, we have Spec  = symΔ { }+∞→≤≤≤ ...210 λλ .  In addition, if we 
suppose that the Ricci tensor Ric is negative then Spec  = symΔ { }+∞→≤≤< ...210 λλ . Moreover, here 
we have the following: 
Theorem 5. Let (M, g) be an n-dimensional (n ≥ 2) compact and oriented Riemannian manifold. Sup-
pose the Ricci tensor Ric is negative, then the first eigenvalue  of the Yano rough Laplacian : 
 satisfies the inequality  for the largest (negative) eigenvalue – r of matrix 
1λ symΔ
МТСМТС ∗∞∗∞ → r21 ≥λ
Ric  on (M, g).  The equality  is attained for some harmonic eigenform r21 =λ ∈ω МТС ∗∞  and in 
this case the multiplicity of  is less than or equals to the Betti number b1λ 1(M). 
Proof.  Let (M, g) be an n-dimensional compact and oriented Riemannian manifold. Suppose that the 
Ricci tensor is negative. Denote by – r the largest (negative) eigenvalue of matrix Ric . Then from the 
formula  =  we obtain the inequality symΔ Ric2−Δ
                                    〈 symΔ ωω ,  ≥ ωω ,r2 ωω ,Δ+                                                 (4.3)          
for any ∈ω МТ ∗ . Then for an eigenform ω corresponding to an eigenvalue λ , (4.4) becomes the ine-
qualities 
                                  ≥ωωλ , 2 ωω ,r ωω ,Δ+ ≥ 2 ωω ,r                               (4.4)          
which prove that 
 021 >≥ rλ .                                                              (4.5) 
If the equality is valid in (4.5), then from (4.4) we obtain 0=Δω . In this case ω is a harmonic 1-form 
and, so the multiplicity of 1λ  is less than or equals to the Betti number b1(M) because the number of 
linearly independent (with constant real coefficients) harmonic 1-forms on (M, g) is equal to the Betti 
number b1(M) of (M, g) (see [11]). The proof is complete.  
Suppose now that (ℍn, g0) is a compact n-dimensional hyperbolic manifold with standard metric g0 hav-
ing constant sectional curvature equal to – 1. In this case, from the theorem above we obtain the follow-
ing corollary. 
Corollary. Let (ℍn, g0) be an n-dimensional compact and oriented hyperbolic manifold then the first 
eigenvalue  of the Yano rough Laplacian :  satisfies the inequality λ1λ symΔ МТСМТС ∗∞∗∞ → 1 ≥ 2.  
The equality 21 =λ  is attained if and only if n = 2. In this case the multiplicity of 1λ  is equal to the Betti 
number b1 (ℍ2).  
Proof. Let (M, g) be a compact and oriented model of hyperbolic space (ℍn, g0) with standard metric g0 
having constant sectional curvature equal to – 1 then λ1 ≥ 2. At the same time it is well known (see [12]) 
that L2-harmonic p-forms appear on a simply connected complete hyperbolic manifold (M, g) of constant 
sectional curvature – 1 if and only if n = 2p. Therefore, if (M, g) is a compact and oriented model of hy-
perbolic space (ℍn, g0) then the equality 21 =λ  is attained if and only if n = 2. In this case the multiplic-
ity of  is equal to the Betti number brλ 1 (ℍ2).  
5. Appendix 
Finally, we prove the following theorem which is dual to the above theorem with the number 5. 
Theorem 6. Let (M, g) be an n-dimensional (n ≥ 2) compact and oriented Riemannian manifold and 
be a first eigenvalue of the Laplacian 1μ Δ :  such that the corresponding 1-form МТСМТС ∗∞∗∞ →
∈ω МТС ∗∞  is a coclosed form. Moreover, suppose that the Ricci tensor Ric is positive, then  
for the smallest (positive) eigenvalue 
ρμ 21 ≥
ρ of matrix Ric  on (M, g).  The equality  is attained for ρμ 21 =
some Killing eigenform ∈ω МТС ∗∞  and the multiplicity of  is less than or equals to the Killing 
number k
1μ
1(M). 
Proof. Let ω  be a coclosed eigenvalue form of Δ  corresponding to an eigenvalue μ of  then from the 
formula  =  we obtain the integral equality 
Δ
symΔ Ric2−Δ
( )dv,Ric,,
M
ξξωδωδωωμ ∫+= ∗∗ 2                                         (5.1)
where ξ := ω# . Now, if we assume that the Ricci tensor is positive and denote by ρ  the smallest (posi-
tive) eigenvalue of the matrix Ric , then we have ( ) ( )Х,ХgХ,ХRic ρ≥  for an arbitrary vector 
field . In this case, thanks to (5.1), we have . On the other hand, if  then 
from (4.6) we conclude that . Hence ξ := ω
TMCX ∞∈ ρμ 21 ≥ ρμ 21 =
0=∗ωδ #  is a Killing vector field. The theorem is proved. 
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